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Abstract. In this paper we deduce a local deformation lemma for uniform embeddings in a metric 

^^ ' covering space over a compact manifold from the deformation lemma for embeddings of a compact 

Cn I subspace in a manifold. This implies the local contractibility of the group of uniform homeomorphisms 

^ ■ of such a metric covering space under the uniform topology. Furthermore, combining with similarity 

Q ' transformations, this enables us to induce a global deformation property of groups of uniform homeo- 

1/'^ , morphisms of metric spaces with Euclidean ends. In particular, we show that the identity component 

of the group of uniform homeomorphisms of the standard Euclidean n-space is contractible. 

T-H ■ 

1. Introduction 

H 

r^ ' In this paper we study some local and global deformation properties of spaces of uniform embed- 

,^ ' dings and groups of uniform homeomorphisms of metric covering spaces over compact manifolds and 

C^ I metric spaces with Euclidean ends. 

Suppose {X, d) and {Y, p) are metric spaces. A map h : {X, d) -^ {Y, p) is said to be uniformly 
. continuous if for each e > there is a 5 > such that if x, x' € A and (i(x, x') < 5 then p{f{x), f{x')) < 

^ . e. The map h is called a uniform homeomorphism if h is bijective and both h and h~^ are uniformly 

00 ■ 

^\i ' continuous. A uniform embedding is a uniform homeomorphism onto its image. 



o 



In [3j R. D. Edwards and R. C. Kirby obtained a fundamental local deformation theorem for em- 

^.f-^ ■ beddings of a compact subspace in a manifold. Based upon this theorem, in this article we deduce a 

^^ I local deformation lemma for uniform embeddings in a metric covering space over a compact manifold. 

Here, the Arzela-Ascoli theorem ([2] Theorem 6.4]) plays an essential role in order to pass from the 

compact case to the uniform case. 

/\ . Suppose (M, d) is a topological manifold possibly with boundary with a fixed metric d and A, C 

C^ . are subspaces of M. Let £^{X, M; C) denote the space of uniform proper embeddings / : (A, d\x) — > 

(M, d) such that / = id on A n C. This space is endowed with the uniform topology induced from 

the sup-metric 

d{f,g)= sup {d{f{x),g{x)) | x G A} € [0, oo] {f,g G £:{X,M;C)). 

Since the notion of uniform continuity depends on the choice of metric d on the manifold M, 
it is necessary to select a reasonable class of metrics. In [T] (cf, Section 5.6]) A.V. Cernavskii 
considered the case where M is the interior of a compact manifold N and the metric d is a restriction 
of some metric on N. In this article we consider the case where M is a covering space over a compact 
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manifold N and the metric d is the puh-back of some metric on A^. The natural model is the class 
of Riemannian coverings in the smooth category. In order to remove the extra requirements in the 
smooth setting, here we introduce the notion of metric covering projection. Its definition and basic 
properties are included in Section 2.2 below. The following is our main theorem. 

Theorem 1.1. Suppose vr : {M,d) — )• {N,p) is a metric covering projection, N is a compact topologi- 
cal n-manifold possibly with boundary, X is a closed subset of M , W C W are uniform neighborhoods 
of X in {M,d) and Z, Y are closed subsets of M such that Y is a uniform neighborhood of Z. Then 
there exists a neighborhood W of the inclusion map iw : W d M in 8ll:(yV,M;Y) and a homotopy 
99 : W X [0, 1] — > S'iiW, M; Z) such that 

(1) for each h eW 

(i) '■Po{h) = h, (ii) ipi{h) = id on X , 

(iii) iftih) = h on W-W and iptih){W) = h{W) {t G [0, 1]), 
(iv) if h = id on Wn dM, then ipt{h) = id on W CidM {t £ [0, 1]), 

(2) ipt{iw) = iw {te[0,l]). 

This theorem induces some consequences on the theory of uniform homeomorphisms. Suppose 
{X,d) is a metric space and ^4 is a subset of X. Let T-L'^{X,d) denote the group of uniform home- 
omorphisms of {X, d) onto itself which fix A pointwise, endowed with the uniform topology. Let 
'H^{X,d)o denote the connected component of the identity map idx of X in 'H'^{X,d). We are also 
concerned with the subgroup 

n'X{X,d)b = {h£ WX{X,d) I d{h,idx) < 00}. 

It is easily seen that T-L''^{X,d)o C T-L\{X,d)b since 'H\{X,d)b is both closed and open in 'K\{X,d). 
When X — A is relatively compact in X, the group 'K\{X,d) coincides with the whole group of 
homeomorphisms of X onto itself which fix A pointwise endowed with the compact-open topology. 
In this case we delete the script "«" from the notation. As usual, the symbol A is suppressed when 
it is an empty set. 

In [1] it is shown that 'H'^{M,d) is locally contractible in the case where M is the interior of a 
compact manifold A^ and the metric d is a restriction of some metric on N. The next corollary is a 
direct consequence of Theorem II. li 



Corollary 1.1. Suppose n : {M,d) — ?> {N,p) is a metric covering projection onto a compact topological 
n-manifold N possibly with boundary. Then l-i^{M,d) is locally contractible. 

Next we study a global deformation property of the group 'H'^{X, d). The most standard example 
is the n-dimensional Euclidean space M" with the standard Euclidean metric. The relevant feature 
in this scenario is the existence of similarity transformations. This enables us to deduce a global 
deformation of uniform embeddings from a local one. 

To be more general, we treat metric spaces with bi-Lipschitz Euclidean ends. Recall that a map 
h : {X, d) -^ {Y, p) between metric spaces is said to be Lipschitz if there exists a constant C > such 
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that p{h(x), h{x')) < Cd{x,x') for any x,x' E X. The map h is called a bi-Lipschitz homeomorphism 
if h is bijective and both h and h^^ are Lipschitz maps. The model of Euclidean end is the complement 
M^ = M" — 0{r) of the round open r-ball 0{r) centered at the origin. These complements M" (r > 0) 
are bi-Lipschitz homeomorphic to each other under similarity transformations. A bi-Lipschitz n- 
dimensional Euclidean end of a metric space {X, d) means a closed subset L of X which admits a 
bi-Lipschitz homeomorphism of pairs, 9 : (M",5M") ~ ((L,Frx-^),d|L) and d{X — L,Lr) — )• oo as 
r — )• cxD, where Frx-^ is the topological frontier of L in X and Lr = 0(MJ?) for r > 0. We set L' = ^(Mg ) 
and L" = 9{W^). Using similarity transformations, we can deduce the following result from the local 
deformation theorem. Theorem 1 1.1[ 



Theorem 1.2. Suppose X is a metric space and L\, ■ ■ ■ ,Lm are mutually disjoint bi-Lipschitz Eu- 
clidean ends of X. Let L' = L'^^ U • • • U L^ and L" = L" U • • • U L'^. Then there exists a strong 
deform,ation retraction ip of'H^{X)ij onto 'H^„{X) such that 

ipt{h) = h on h-^X - L')-L' for any (/i, t) € ^^"(X),, x [0, 1]. 

Example 1.1. (1) 'H"(M"){, is contractible for every n > 0. In fact, M" has the model Euclidean end 
M.^ and hence there exists a strong deformation retraction of 7^"(M"')ft onto T-L^n(M"'). The latter is 
contractible by Alexander's trick. 

(2) The n-dimensional cylinder M = S"^^ x R is the product of the (n — l)-sphere S"^"*^ and the 
real line M. If M is asigned a metric so that S"^"*^ x (— oo, —1] and S^^^ x [1, oo) are two bi-Lipschitz 
Euclidean ends of M, then W{M)b includes the subgroup H^r,-! ^^^{M) ^ TiaiS'''^ x [-1,1]) as 
a strong deformation retract. In particular, T-i^{M)o admits a strong deformation retraction onto 
?^S"-ixRi(M)o « -HaiS^-' X [-1, l])o. 

(3) In dimension 2, we have a more explicit conclusion. Suppose A^ is a compact connected 2- 
manifold with a nonempty boundary and C = U^^Ci is a nonempty union of some boundary circles 
of N. If the noncompact 2-manifold M = N — C is assigned a metic d such that for each i = 1,- ■ ■ ,m 
the end Li of M corresponding to the boundary circle Cj is a bi-Lipschitz Euclidean end of {M,d), 
then W{M,d)Q ~ ni„{M)o « 'Hc{N)o ~ *. 

Remark 1.1. In Example ll.il (1). one might expect that conjugation by a suitable shrinking home- 
omorphism R" ~ 0(1) and extension by the identity on the boundary would directly reduce the 
problem to the case of 'Hg{B{l)), the group of homeomorphisms of the closed unit ball relative to the 
boundary, since this group is contractible by Alexander's trick. However, the contraction of 'H"(R")fe 
obtained in this way is not continuous. In fact, it would mean that any h G ^^"(R'^)^ could be ap- 
proximated by compactly supported homeomorphisms in the sup-metric. But this does not hold, for 
example, for any translation h{x) = x -\- a (a 7^ 0). 

In [3] we studied the topological type of ^^"(R);, as an infinite-dimensional manifold and showed 
that it is homeomorphic to ioo- Example 1.1 leads to the following conjecture. 

Conjecture 1.1. ^^"(R")^ is homeomorphic to ioo for any n > 1. 
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This paper is organized as follows. Section 2 includes some preliminary results on metric covering 
projections and spaces of uniform embeddings. Section 3 is devoted to the proof of Theorem 11.11 and 
the final section, Section 4, includes the proof of Theorem 11.21 

2. Preliminaries 

2.1. Conventions. 

Maps between topological spaces are assumed to be continuous. The word "function" means a 
correspondence not assumed to be continuous. For a topological space X and a subset A of X, the 
symbols Intx^, clxA and Fr^^ denote the topological interior, closure and frontier of A in X. The 
identity map on X is denoted by idx, while the inclusion map A d X is denoted by Ia-, l-a or id^, 
etc. When J^ is a collection of subsets of X, the union of J-" is denoted by | J^[ or |J J-". For A C X 
the star of A with respect to 7" is defined by St(^, T) = AU {u {F £ T \ F n A ^ ij}}) C X. 

For an n-manifold M, the symbols dM and Int M denote the boundary and interior of M as a 
manifold. 

2.2. Metric covering projections. 

Suppose {X, d) is a metric space. (Below, when the metric d is implicitly understood, we eliminate 
the symbol d from the notations.) The distance between two subsets A,B oi X is defined by d{A, B) = 
inf{d(x,y) \ x £ A,y £ B}. For (5 > the closed (5-neighborhood of vl in X is defined by Cs{A) = 
{xGX I d{x,A) <5]. 

A neighborhood U oi A m. X \s called a uniform neighborhood of A in {X,d) if Cs{A) C U for 
some (^ > 0. For e > a subset ^ of X is said to be e-discrete if d{x, y) > e for any distinct points 
x,y £ A. More generally, a collection F of subsets of X is said to be e-discrete if (i(F, F') > e for any 
F,F' £ F with F ^ F'. We say that ^ or J^ is uniformly discrete if it is e-discrete for some e > 0. 

For the basics on covering spaces, one can refer to [BJ Chapter 2, Section 1]. If p : M ^ A^ is 
a covering projection and A^ is a topological n-manifold possibly with boundary, then so is M and 
dM = 7r-^{dN). 

Definition 2.1. A covering projection tt : {X,d) — )■ (Y, p) between metric spaces is called a metric 
covering projection if it satisfies the following conditions: 

{\\)i There exists an open cover UofY such that for each U £lA the inverse -K^^iU) is the disjoint 

union of open subsets of X each of which is mapped isometrically onto U by vr. 
(1^)2 For each y £Y the fiber 'K^^{y) is uniformly discrete in X. 
(11)3 p{'K{x)^Ti{x')) < d{x,x') for any x,x' € X. 

When an open subset U of Y satisfies the condition in (tl)i, we say that U is isometrically evenly 
covered by vr. In this case, if U is connected, then each connected component of 7r~^{U) is mapped 
isometrically onto U by tt. 

Riemannian covering projections are typical examples of metric covering projections. 
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Lemma 2.1. Suppose tt : {X,d) -^ (Y, p) is a metric covering projection and Y is compact. 

(1) There exists e > such that each fiber of n is e-discrete. 

(2) Suppose U is an open subset of Y and V is an open subset of 71^^(11) which is mapped 
isometrically onto U by it, E is a subset of V and F = it{E) C U. Then d{X — V,E) > 
m.m{e/2, p{Y -U,F)}. 

Proof. (1) By {[\)i, (tl)2 for each y € 1" we can find 
(i) e^ > such that 7r^^(y) is Se^-discrete and 

(ii) an open neighborhood Uy of y in 1" such that diam Uy < Sy and Uy is isometrically evenly 
covered by tt, that is, TT^^{Uy) is the disjoint union of some open subsets Vy (A € Aj^) of X 
and each Vy is mapped isometrically onto Uy by vr. 
We show that the family {Vy}\iz\y is e^-discrete. In particular, for any z ^ Uy the fiber 7r~^(z) is 
ffy-discrete. 

To see this claim, take any X, p G Ay with X ^ p. We have to show that d{V^,Vy^) > Sy. Let 
yx G V^ and y^ € Vy^ be the points such that 7T{yx) = 7r(y^) = y. Then, for any xx € V^ and x^ G Vy" 
it follows that 

d{xx,yx) < diam V^ = diam Uy < Ey and d{x^, y^) < diam Vy" = diam Uy < Ey, so that 
3% < d{yx, y^j) < d{yx, xx) + d{xx,x^) + d{x^,y^) < d{xx,x^) + 2Ey and d{xx,Xf,) > Ey. 
Since Y is compact, there exist finitely many points yi, • • • , y„ G y such that {Uy^ , • • • , Uy^} covers 
Y. Then e = minjej^^ , • ' ' ) £y„} satisfies the required condition. 

(2) Take any points x a E and x' (^ X — V. Let y = 7r(x) and y' = tt{x'). 

(i) the case that x' £ ■k''^{U) — V; Let x" € ^ be the point such that tt{x") = y' . Since 

TT : {y,d) —?■ {U,p) is an isometry, we have d{x,x") = p{y,y'). From {\\)3 it follows that 

piy,y') < d{x,x'). Therefore, e < d{x',x") < d{x',x) + d{x,x") < 2d{x',x) andd(x',x) > e/2. 

(ii) the case that x' £ X - 7r"i([/); By (^)3 we have d{x,x') > p{y,y') > p{F,Y - U). 

This implies the assertion. D 

2.3. Spaces of uniformly continuous maps. 

First we list some basic facts on the uniform topology on the space of uniformly continuous maps. 
Recall that the definitions of uniformly continuous maps, uniform homeomorphisms and uniform 
embeddings are included in Section 1. Below (X, d), {Y,p) and {Z,rj) denote metric spaces. (The 
metrics d, p and rj are also denoted by the symbols dx, dy and dz respectively. As usual, when 
these metrics are implicitly understood, we eliminate them from the notations.) Let C{X,Y) and 
C"((Ar, d), (y, p)) denote the space of maps f : X ^ Y and the subspace of uniformly continuous 
maps / : {X, d) -^ {Y, p). The metric p onY induces the sup-metric on C{X, Y) defined by 

P{f: a) = sup{p(/(x), 5(x)) 1 X G X} € [0, oo]. 

The topology on C{X, Y) induced by this sup- metric p is called the uniform topology. Below the space 
C{X, Y) and its subspaces are endowed with the sup-metric p and the uniform topology, otherwise 
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specified. To emphasize this point, sometimes we use the symbol C{X, Y)^. On the other hand, when 
the space C{X, Y) is endowed with the compact-open topology, we use the symbol C{X, Y)co- When 
X is compact, we have C"((X, d), {Y,p))u = C{X,Y)co- 
It is important to notice that the composition map 

r((x,d),(y,p))„ xC"((y,p),(z,r/))„ ^c«((x,(i),(z,7?))„. 

is continuous, while the composition map C{X,Y)u x C{Y,Z)u — > C{X,Z)u is not necessarily con- 
tinuous. 

Let S{X,Y) and £''^{{X,d), {Y, p)) denote the space of embeddings f : X ^- Y and the subspace 
of uniform embeddings / : {X,d) -^ (Y, p) (both with the sup- metric and the uniform topology). 
When X C Y C Z, for a subset C of Z we use the symbol S{X,Y;C) to denote the subspace 
{/ G £{X, Y) \ f = idon XnC} and for e > let £{ix,£', X, Y; C) denote the closed e-neighborhood 
of the inclusion ix '■ X C Y in the space S{X,Y;C). The meaning of the symbols £''^{X,Y;C), 
8'^{ix,£',X,Y;C), etc are obvious. 

Similarly, for a subset A of X let Ti^iX) denote the group of homeomorphisms h of X onto itself 
with h\j^ = idA and 'H'^{X, d) denote the subgroup of TiAiX) consisting of uniform homeomorphisms 
of (X, d) (both with the sup- metric and the uniform topology). We denote by l-i\{X, d)o the connected 
component of the identity idx in Ti^iX, d) and define the subgroup 

n'XiX, d)b = {h£ nl{X, d) I d{h, idx) < oo}. 

Then 'H'\{X,d) is a topological group and 'H\{X,d)h is an open (and closed) subgroup of'H'\{X,d), 
so that n\{X,d)o C n\{X,d)b. 

The next lemma follows directly from the definitions. 

Lemma 2.2. For any f € C{X,Y) the following conditions are equivalent: 

(1) / € S{X,Y) and f^^ : {f{X),p) — ?• {X,d) is uniformly continuous. 

(2) for any e > there exists 6 > such that if x, x' G X and d{x, x') > e then p{f{x), f{x')) > 5. 

Recall that a family fx G C{X, Y) (A € A) is said to be equi-continuous if for any e > there exists 
5 > such that for any A G A if x, x' G X and d{x, x') < 5 then p{f\{x), f\{x')) < e. More generally, 
we say that a family of maps {fx : {X\,d\) — > {Y\, p\)}\<^\ between metric spaces is equi-continuous 
if for any e > there exists 5 > such that for any A G A if x,x' G X\ and dx{x,x') < 5 then 
P\{f\{x), f\{x')) < e. For embeddings, we also use the following terminology: a family of embeddings 
{hx : {Xx,dx) -^ {Yx,P\)}\eK is equi-uniform if both of the families {hx : {Xx,dx) -^ {Yx,Px)}xeK 
and {{hx)^"^ : {hx{Xx), px) — ^ {Xx,dx)}xeA are equi-continuous. 

For a subset C of C{X, Y), the symbol c/„ C means the closure of C in C{X, Y)u- 

Lemma 2.3. (1) c/„f"(X,y) cC"(X,y). 

(2) Suppose C C £^{X,Y). If C' = {/^^ : f{X) -^ X \ f G C} is equi-continuous, then cluC C 

£''{X,Y). 
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Proof. (1) Given / E clu£^{X,Y). To see that / is uniformly continuous, take any e > 0. Choose 
g £ £''^{X,Y) with p{f,g) < e/3. Since g is uniformly continuous, there exists 5 > such that if 
x,y £ X and d{x,y) < 6 then p{g{x),g{y)) < e/3. It follows that if x,y £ X and d{x,y) < 6 then 

p{f{x), f{y)) < p{f{x),g{x)) + p{g{x),g{y)) + p{g{y), f{y)) < e. 

(2) Given / G cluC. By (1) / is uniformly continuous. Take any e > 0. Since C is equi-continuous, 
there exists 5 > such that iig£C,x,y£X and d{x,y) > e then p{g{x),g{y)) > 35. Choose h £ C 
with p{f, h) < 5. It follows that ii x,y £ X and d{x, y) > e then 

p{f{x), f{y)) > p{Kx)My)) - P{f{x),h{x)) - p{f{y)Mv)) > -5. 
By Lemma O this means that / G ^"(X, Y). D 

Lemma 2.4. Suppose A is a compact subset of X and f G C{X^Y). Assume that e, 5 > satisfy the 
following condition: if x,y G A and d{x,y) < 5, then p{f{x),f{y)) < e. Then there exists an open 
neighborhood U of A in X such that if x,y £U and d{x,y) < 5, then p{f{x),f{y)) < e. 

Proof. We proceed by contradiction. Suppose there does not exist such an open neighborhood U . 
Then for each n > 1 there exists a pair of points Xn,yn £ C'i/n(^) such that d{xn,yn) ^ 5 and 
p{f{xn)J{yn)) > £■ Choose points x^,y^ G A with (i(x„,x^) < 1/n and d(y„,y^) < 1/n. Since A 
is compact, we can find subsequences x^. and y^. such that x^. -^ x, y^. -^ y {n ^ oo) in A. Then 
Xm -^ X, yrii -^ y {n ^ cxo) in X and so d{x,y) < 5 and p{f{x),f{y)) > e. This contradicts the 
assumption. D 

Lemma 2.5. Suppose P is a topological space, f : P ^>- C{X^Y)u, g : P ^>- C{X, Z)^ are continuous 
maps and h : P ^>- C^iY^ Z)u is a function. If fp is surjective and hpfp = gp for each p £ P, then h 
is continuous. 

Proof. Given any point p £ P and any e > 0. Since hp is uniformly continuous, there exists 5 > 
such that if yi,y2 G Y and (iy(yi,y2) < 5, then dz{hp{yi),hp{y2)) < e/2. Since f,g are continuous, 
there exists a neighborhood [/ of p in P such that dyifp, fq) < 6 and dz{gp,gq) < e/2 for each q £ U. 
Then for each q £ U it follows that 

dz{hq,hp) = dz{hqfq,hpfq) < dzigq, gp) + dz{hpfp,hpfq) < e/2 + e/2 = e. Q 

Lemma 2.6. Suppose S is a compact subset of X which has an open collar neighborhood 9 : {S x 
[0,4),S' X {0}) ^ iN,S) in X. Let Na = e{S x [0,a]) (a G [0,4)). Then there exists a strong 
deformation retraction ft {t G [0, 1]) ofH^ {X)b onto l-i^ {X)h such that 

ft{h) = h on h-\X-N^)-N^ for any (/i, t) G ?^^^(X)fe x [0, 1]. 
Proof. Consider the map 7 : [0, 1] — > C([0, 4), [0,4)) defined by 



7(s)(u) 



2u (nG[0,l]) 

^ -(u-l) + 2 (nG [1,2 + s]) (sG [0,1]) 



1 + s 
u {u£ [2 + s,4)) 
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and the homotopy A : [0, 1] x [0, 1] — > C([0,4), [0,4)) defined by 

Xt{s){u) = (1 - t)u + t-fis){u) {{s, t) G [0, 1] X [0, 1], n G [0, 4)). 

The homotopy A induces a pseudo-isotopy 

e:[0,l]x[0,l]^C"(X,X)„ : 

( eiz,Xtis){u)) {x = e{z,u),{z,u)eSx[0,A)) 
Us){x) = { ^ ^ ., ^ ((s,t)e[0,l]x[0,l]) 

[ X {x e X - Ns) 

satisfying the following properties : 

(1) (i) ^o(s) = idx, (ii) Us) = id on X - N2+S ((s, t) E [0, 1] x [0, 1]), 

(iii) Us)en^{x) {{s,t) e [0,1] X [0,1] -{{0,1)}). 

Choose a map a : T-LJif^{X)b — > [0,1] such that a^^(O) = 'H'^_^{X)}j. By (l)(iii) we can define the 
homotopy 

^.'H^Sx)^x[o,i]^n^M),. ^t{h) = ^^ {henux),). 

If /i G n\{X)b - n'^^{X)b, then Ct{aih))-\Ni) C iVi and /i = id on Ni, so that ipt{h) = id on 
iVi. Since ?j(0)(iV2) = iV2 and 6(0) = id on X - A^2 by (l)(ii), it follows that hS,t{0) = S,tiO)h 
((/i,t) en''^^{X)bX [0,1]) and so 

(2) ipt{h)Ua{h))=Ua{h))h {{h,t)eni^{X)b X [0,1]). 

Hence, the continuity of ip follows from Lemma 12.51 applied to the parameter space P = TV^ {X)b x 
[0, 1] and the maps 

/:P^C«(X,X)„ : f{h,t)=it{a{h)) and 5 : P ^ C"(X, X)„ : g{h,t) = it{a{h))h. 

For each h e n'^^{X)b - 'H\{X)b we have (i{a{h))-^ {N2) = iVi, so ipi{h) = id on iVa- These 
observations imply that 99 is a strong deformation retraction of 7i^_^{X)b onto 'H'^^{X)b. Finally, the 
defining property ^(s) = id on X—N^ leads to the additional property ipt{h) = hon h^^{X—N3)—N3. 
This completes the proof. D 

2.4. Basic deformation theorem for topological embeddings in topological manifolds. 

Next we recall the basic deformation theorem on embeddings of a compact subset in topological 
manifold. Suppose M is a topological n-manifold possibly with boundary and X is a subspace of M. 
An embedding f : X —^ M is said to be 

(i) proper if /-i(aM) = Xn(9M and 
(ii) quasi-proper if /(X n dM) C dM. 

For any subset C C M, let £^{X, M; C) and £#{X, M; C) denote the subspaces of £{X, M; C) consist- 
ing of proper embeddings and quasi-proper embeddings respectively. Note that £#{X, M; C) is closed 
in £{X, M; C) (while this does not necessarily hold for £'*(X, M; C)) and that for any / G £#{X, M; C) 
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the restriction of / to IntAf-'^ is a proper embedding. These properties are the reasons why we intro- 
duce the space of quasi-proper embeddings. In fact, in Section 3 we need to consider the closures of 
some collections of proper embeddings when we apply the Arzela-Ascoli theorem. 

Theorem 2.1. ([3, Theorem 5.1]) Suppose M is a topological n-manifold possibly with boundary, C 
is a compact subset of M , U is a neighborhood of C in M and D and E are two closed subsets of M 
such that D C Int^/i?. Then, for any compact neighborhood K of C in U, there exists a neighborhood 
U of iu in £^:{U,M;E) and a homotopy ip :U x [0, 1] — > £.^{U,M]D) such that 

(1) for each fGU, (i)^o{f) = f, (u) Mf)\c = ic , {i\i) ^t{f) = f on U - K {t e [0,1]), 

(iv) if f = id on Un dM, then ipt{f) = id on UndM {t£ [0, 1]), 

(2) ^t{iu) = iu (ie[0,l]). 

Remark 2.1. In [3] the spaces £^,{U,M;E) and £^{U,M;D) are endowed with the compact-open 
topology. Even if we replace the compact-open topology with the uniform topology, U is still a 
neighborhood of iu and the homotopy if is continuous since the deformation is supported in the 
compact subset K by the condition (l)(iii). 

Complement to Theorem 2.1. Theorem 12.11 still holds if we replace the spaces of proper em- 
beddings, £"*([/, M; D) and £*{U, M; E), by the spaces of quasi-proper embeddings, £#{U, M; D) and 
£#{U,M;E). 

In fact, the quasi-proper case is derived from the proper case by the following observation. First 
we apply the proper case to Intjv/ U instead of U itself, so to obtain the deformation ipt of proper 
embeddings of Intjv/ U. If h G £#{U, M; E) is close to ijj, then we obtain the deformation ipt{h\ia\.M u) 
of the restriction /i|intjv/C/- Then, the condition (l)(iii) guarantees that it extends by using h itself to 
a deformation of h. 

3. Deformation lemma for uniform embeddings 

In this section, from the deformation theorem for embeddings of compact spaces (Theorem 12. ip we 
derive Theorem 11.11 a deformation theorem for uniform embeddings in a metric covering space over 
a compact manifold. When passing to the uniform case from the compact case, the Arzela-Ascoli 
theorem ([21 Theorem 6.4]) shall play an essential role. 

3.1. Product covering case. 

First we consider the product covering case. Throughout this subsection we work under the fol- 
lowing assumption. 

Notation 3.1. Suppose tt : {M,d) — > {N,p) is a metric covering projection and A^ is a compact 
topological n-manifold possibly with boundary. Suppose [/ is a connected open subset of N isomet- 
rically evenly covered by vr, C is a compact subset of U and if is a compact neighborhood of C in 
U . Suppose ly is a subset of M and V is a collection of connected components of 7r~^(C/) such that 
V = \JV CW. Let X = 7r-i(C) n ^ and P = tt-^{K) n V. 
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The first lemma establishes a fundamental deformation theorem for uniform embeddings in the 
simplest case. 

Lemma 3.1. Suppose D and E are closed subsets of N with D C Int^E and Z CY are subsets of 
M such that Y CiV = vr"^(£') n V and Z DV = tt^^{D) D V. Then there exists a neighborhood W 
of the inclusion map iw '-W d M in £^{W, M; Y) and a homotopy 99 : W x [0, 1] — > £'1{W, M; Z) 
such that 

(1) for each /i G W 

(i) Lpo{h) = h, iii) ipi{h) = \d on X , (in) Lpt{h) = h on W - P (tG[0, 1]), 
(iv) ^t{h){P) ClV and ^t{h){V) = h{V) (tG[0,l]), 
(v) ifh = '\<l onWr\ dM, then ipt{h) = id on WndM {te [0, 1]), 

(2) ^t{iw)=iw (iG[0,l]). 

Proof. Since A^ is compact, by Lemma 12.11 (1) there exists A > such that each fiber of vr is A- 
discrete. Choose a compact subset L of U such that K C Int^v-^ and set Q = ir^^^L) n V. We 
can find 6 £ (0, A/2) such that Cs{L) C U and Cs{K) C IntArL. Let {V^jigA be the collection of 
connected components of V and set 

{Qi,Pi,Xi) = {Q,P,X)nVi 

for each i £ A. Then the restriction ttj := 7r|v; : {Vi,d) -^ {U, p) is an isometry and Cs{Qi) C Vi since 
d{M - Vi, Qi) > min{A/2, p{N - U, L)} > 5 hy Lemma EH2). 

By Deformation Theorem 12.11 and Complement to Theorem 12.11 (with replacing {M,U) by {U,L)) 
there exists a neighborhood U of il in S^{L, U; E) and a homotopy ^ : Z// x [0, 1] — )■ £#{L, U; D) 
such that 

(1) for each/ GZ^ (i) Vo(/) = /, (ii) Vi(/)|c = ic, (iii) Vt(/) = / on L - i^ (t G [0, 1]), 

(iv) if / = id on L n dN , then ^t(/) = id on L n (9A^ (t G [0, 1]), 

(2) MiL)=iL (ie[0,l]). 

We may assume that U = S#{iL,^;L,U;E) (the closed 7-neighborhood of zl in £^{L,U;E)) for 
some 7 G (0, 5). 

For each i G A we obtain the isometry with respect to the sup-metrics 

Oi : £#{Q^, V-) ^ £#{L, U) : e,{f) = vr^Trri, 

which restricts to the isometrics 

e[:£#{Q,,Vv,Y)^£#{L,U-E) and 6'/ : £#{Q.„V; Z) ^ £#(L,U; D). 

Then, Wj = {6[)^^{h{) = £^{iQ^,j]Qi,Vi;Y) and the homotopy ip induces the corresponding homo- 
topy 

ip'■.W^x [0,l]^£#{Qi,V;Z), 

which satisfies the following conditions 
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(3) for each f eWi 

(i) ^Uf) = /, (ii) ifiif) = id on Xi, (iii) 4{f) = f on Q,-Pi {t e [0, 1]), 
(iv) if / = id on Qi n dM, then ipi{f) = id on Qi ndM {te [0, 1]), 

(4) ^l{iQj=iQ^ (tG[0,l]). 

Let W = £l{iw,i;W,M;Y) and define a homotopy (/9 : W x [0, 1] — > £:^(W,M;Z) as follows. 
Take any h £ W. Since 7 < 5, for any z G A we have h{Qi) C Cs{Qi) C V^ and /i|q^ G Wj. Therefore 
we can define (ftih) {t G [0, 1]) by 

ft{h)\Q, = viih\Qj (ieA) and <f t{h) = h on W - P. 

Since (^K^Iq,) = h on Qi — Pi, the map </3t(/i) is a well-defined embedding and the required 
conditions (1), (2) for f follow from the corresponding conditions (3), (4) for c^* (i G A). For (l)(iv) 
note that ipt{h){Qi) = ^l{h\Qj{Qi) = h{Qi) {i G A). It remains to show that 

(*)i '■Pt{h) is a uniform embedding for any /i G W and t G [0, 1] and (*)2 ^ is continuous. 

Take any h G W. For each i G A let hi = 0[{h\Q.). Since /i is a uniform embedding, the family 
/i|qj G Wi {i G A) is an equi-uniform family of embeddings. Therefore, the families C{h) = {/lijjgA 
and C'{h) = {h^ }ieA are also equi-continuous. Since Im/ij C Cs{L) C U [i G A) and Cs{L) is 
compact, by the Arzela-Ascoli theorem ([2| Theorem 6.4]) the closure clC{h) of C{h) in C{L,U) is 
compact. It also follows that clCQi) <Z U C £^{L,U;E) by Lemma \T3\ and the equi-continuity of 
C'{h). 

Now we show that ipt{hi) G S#{L, U; D) (i G A,t G [0, 1]) is an equi-uniform family of embeddings. 
Since ijj{clC{h) x [0,1]) C £^{L,U; D) is compact, the family ipt{hi) {i G A,t £ [0,1]) is equi- 
continuous. The equi-continuity of the family (^j(/ij))~^ (i G A,t G [0, 1]) is shown as follows. Since 
Im^f(/) = Im/ for each (/, t) G Z^ x [0, 1], we have the map 

;^ : ^^ X [0, 1] ^ ni) : xtif) = (MDr'f- 

Since x{dC{h) x [0,1]) is compact, the family Xt{hi) (i G A, t G [0,1]) is equi-continuous. Since 
C'{h) = {h^ }ieA is equi-continuous, the family 

iMhi))-^ = Xt{h^)hr^ (ieA,te[0,l]) 

is also equi-continuous as desired. 

(*)i Pulling back each map i^tihi) by the isometry 9", it follows that V^K^IqJ (^ S A,t G [0, 1]) is 
an equi-uniform family of embeddings. The map (pt{h) is uniformly continuous, since ipt{h)\w-p = 
h\w-P is uniformly continuous, the family ipt{h)\Q^ = ipKhlgJ {i G A) is equi-continuous and 
Cs{Pi) C Qi {i G A). Similarly the map ipt{h)~^h is uniformly continuous, since ipt{h)~^h = id 
on 1^ — P, the family ipt{h)~^h\Q^ = ^li^lgJ^^hlQ^ {i G A) is equi-continuous and Cs{Pi) C Qi 
[i G A). Therefore, ipt{h)~^ = {ipt{h)~^ h)h~^ is also uniformly continuous. 

(*)2 To see the continuity of the homotopy ip, take any {h,t) G W x [0, 1] and e > 0. Since clC{h) 
is compact, the homotopy 

V'l^x [0,1] ^£#{L,U;D) 
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is uniformly continuous on clC{h) x [0, 1]. Hence there exists ij E (0,e) such that 

if {f,u),{g,v) G dC{h) x [0,1] and p{f,g) <r], \u-v\ < t], then p{'tpu{f),i'v{g)) < £■ 

By Lemma 12.41 we can find a neighborhood O of cl C{h) in U such that 

if (/, u), {g, v) £0 X [0, 1] and p{f, g) <r],\u-v\< rj, then /3(^„(/), ^^(5)) < e. 

Choose C £ (0, f]) such that O contains the open C-neighborhood ©(C) of cl C{h) in U. Then it follows 

that 

if {k, s) £W X [0, 1] and d{h, k) < C, |i - s| < C, then d{ipt{h), Lps{k)) < e. 

In fact, take any {k, s) € W x [0, 1] with d{h, k) < (^ and |t — sj < C- Then, for any i S A, we have 

p{hi, ki) = (i(/i|Q., /c|qJ < C and hi G C{h), so that hi, ki G 0{C,) C O. Hence, by the choice of O and 

rj we have p{'4)tihi),'ips{ki)) < e and so (i(9'K^lQi)' V'K^Iq,)) < £■ This implies d{ipt{h),ips{k)) < e. 

This completes the proof. D 

The next lemma deals with the problem on the pattern of intersection of each sheet of V with 
Y (which is represented by a set /vb defined in the proof). Here, V represents the subset of W on 
which we shall deform the uniform embeddings, while Y represents the subset on which the uniform 
embeddings have already been deformed to the identity. In Lemma 13.11 the pattern is same for all 
sheets of V (corresponding to the inverse image of a subset of N), while in Lemma [3 . 2 1 app ear finitely 
many patterns of intersections (relating to the inverse images of finitely many subsets of N) and 
Lemma |3. II is applied to each pattern separately. 

When Oq is a connected open subset of N isometrically evenly covered by vr, let 5(0o) denote the 
collection of connected components of ■k^^{Oq). For each O G S{Oq) the restriction 7r|o : O ^ Oq is 
an isometry. For subsets Aq,Bq C Oqi let 

5(0o,^o,i?o) = {{0,A,B) I O G 5(Oo),A = {'n\o)-\A^),B = {^\o)-\B^)}. 

We keep the notations given in Notation 13.11 

Lemma 3.2. Suppose {{Oj,Ej,Dj)}j(^j is a finite family of subsets of N such that (a) for each 
j G J, Oj is a connected open subset of N and Ej,Dj are closed subsets of N with Dj C Int f^fEj and 
Ej C Oj and (b) Oj {j G J) and St{U,{Oj}j£j) are isometrically evenly covered by it. Suppose T is 
a subcollection of(Jj,=j{j} x S{Oj,Ej,Dj) and let 

Y = U{E\{j,{0,E,D)) eT} and Z = U{D \ {j,{0,E,D)) e T}. 

Then there exists a neighborhood W of the inclusion map iw in £V,{W, M;Y) and a homotopy (p : 
W X [0, 1] — > S^iW, M; Z) such that 

(1) for each h € W 

(i) 9?o(^) = ^) (ii) 'Pi{h) = id on X, 

(iii) iftih) = h on W-P and ipt{h){W) = h{W) {t G [0, 1]), 
(iv) ifh = idonWn dM, then ipt{h) = id on W n dM {t G [0, 1]), 

(2) ^t{iw) = iw (ie[0,l]). 
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Proof. For each Vq € V consider the subset lyg of J defined by 

ly^ = {j (z j\3 (j^ (^o, E, D)) e 7" such that EnVo^^ 0}. 
For each / C J let 

Vi = {Voev\ivo = i}, Vi = uVi, Xj = TT-\c)nVi, Pi = TT-\K)nVi 

Ej = Lli(zjEi and Dj = Ui^^jDi. 
It follows that Vj CV CW and Di C IntiyEj. We show that 

(i) YnVi = 7:~^{Ei)r\Vi and (ii) Z nVi = tt~^{Di) nVj. 

(i) Given x & Y (1 Vj. Since x G y, it follows that x G £' for some {i,{0,E,D)) € T, thus 
{0,E,D) E S{Oi,Ei, Di) and £' = (7r|o)^"'^(-E'i)' so 7r(x) G i^j. Since x G V/-, it is seen that x G Vq for 
some Vo G V/ and Ivq = /. Since x G i? n Vq / 0, we have i £ Ivq = I and E'j C Ej. Hence 7r(x) G -B/ 
and X G 7r~^(E'/) fl V/. 

Conversely suppose x G it~^{Ej) n V/. Then 7r(x) G Ej, thus 7r(x) G i?j for some i £ I. Since 
X G V/, it follows that x G Vq for some Vq G V/ and /vb = I B i so that E' n Vq 7^ for some 
{i,{0,E,D)) G 7", so {0,E,D) G S{Oi,Ei,Di) and £; C Y. By the assumption f/ = St(C/, {Ojljgj) 
is a connected open subset of A^ isometrically evenly covered by vr. Since 7r(x) G U H Ei C U (1 Oi, 
we have Oj C C/, so Vq, O C tt~'^{U). Since Vq and O are connected and Vq H O D Vq n £■ 7^ 0, there 
exists Uq G 5(f/) with Vq, O C t/o- Since ir : Uq ^- U is an isometry, E C O C Uq, x £ Vq C Uq and 
7r(x) G B^i C Oi C t/ it follows that xG-EcysoxGynV/as desired. 

The assertion (ii) follows from the same argument as (i). 

By Lemma |3 . 1 1 there exists a neighborhood W/ of iw in £4J,{W,M;Y) and a homotopy (p : W/ x 
[0, 1] — > S^iW, M; Z) such that 

(1) for each h £Wi 

(i) ip(^{h) = h, (ii) ip{{h) = id on Xi, (Hi) (pf (h) = h on W - Pi (tG[0, 1]), 
(iv) pi{h){Pj)cVi and ipl{h){Vi) = h{Vi) (tG[0,l]), 
(v) if /i = id on ly n dM, then ipl{h) = id on W n dM {t G [0, 1]), 

(2) ip({iw) = iw (ie[0,l]). 

Since V is the disjoint union of the subcollections V/ (/ C J), it follows that V is the disjoint union 
of V/ (/ C J). Then W = H/cjW/ is a neighborhood of iw in £m,{W,M;Y) and we can define a 
homotopy 99 : W x [0, 1] — ^ £"^(1^, M; Z) by 

93i(/i) = p>l{h) on V/- and V3t(/i) = h on W — P. 

Since there exists 7 > such that C^(P/) C V/ (/ C J), the uniform continuity of pt{h) follows 
from those of the maps h and ^({h) {I C J). Similarly, the map ipt{h)~^h is uniformly continuous 
since (pt{h)~^h = id on W — P and the maps ipi{h)^^h [I C J) are uniformly continuous. Thus 
Lpt{h)^^ = {{pt{h)^^h)h~'^ is also uniformly continuous. D 
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3.2. General case. 

Theorem II .11 is easily deduced from Theorem 13 -H whose proof is based upon a recursive application 
of Lemma 13.21 to a finite family of local trivializations of the metric covering projection vr. Here, the 
key is to set up the correct data to which Lemma 13.21 is applied. 

Theorem 3.1. Suppose ir : {M,d) — ?• {N,p) is a metric covering projection, N is a compact topologi- 
cal n-manifold possibly with boundary, X is a closed subset of M , W' C W are uniform neighborhoods 
of X in {M,d) and Z, Y are closed subsets of M such that Y is a uniform neighborhood of Z . Then 
there exists a neighborhood W of the inclusion map iw ■ W C M in £^{W,M;Y) and a homotopy 
ip:W X [0,1] — > £^(W, M; Z) such that 

(1) for each h eW 

(i) v'o(^) = h, (ii) (pi{h) = id on X, 

(iii) ipt{h) = h on W-W and ipt{h){W) = h{W) (te[0,l]), 
(iv) if h = id on Wn dM, then ipt{h) = id onWndM {t^ [0, 1]), 

(2) ^t{iw) = iw (ie[0,l]). 

Proof For m G N let [m] = {1,2, • • • ,m}. Choose 7 > such that C^{X) C W and C^{Z) C Y. 
Since A^ is compact, there exists a finite open cover U = {C^i}jg[rn] of ^ such that for each i € [m\ 
diamC/j < 7, Ui is connected and St {Ui,U) is isometrically evenly covered by vr. 

There exists a finite closed covering F = {-Fj}ig[m] of ^ such that Fi C Ui for each i € [m\. 

By Lemma |2. II there exists A > such that each fiber of vr is A-discrete. Choose 5 G (0, A/2) such 
that Cs{Fi) C Ui for each i G [m]. Take real numbers 

(^ > ^0 > <^i > • • • > <^m > 0. 

For each i G [m] we apply Lemma 13.21 to the following data: 

U = UiClN, {Ki,Ci) = {Cs,_,{Fi),Cs,{Fi)), W C M, 

Vi = {v' £S{u)\v'nx^^, Vi = [jVi, x, = 7r-Ha)nVi, F = TT-\Ki)nVi, 

{0„E],D\) = (U„Cs,_,{F,),Cs.XF,)) (j G [m]), 

F^ = {{k,{0,E,D)) G Ujenli} X S{Oj,E'^,D'^) | (a) E n X / and A: < i - 1 or (b) E n Z ^ 0}. 

Yi = U{E\{k,{0,E,D))eFi} and Zi = U{D \ {k,{0, E, D)) £ Fi}. 

By the choice of 7 it is seen that Vi C C^{X) C W C W. Thus we obtain a neighborhood Wi of iw 
in £^{W, M; Yi) and a homotopy if' : ^V^ x [0, 1] — > £^{W, M; Zi) such that 

(1) for each h eWi 

(i) 99^ (/i) = h, (ii) (p\{h) = id on Xi, 

(iii) iflih) = h on W - Pi and v'K/i)(VF) = h{W) {t G [0, 1]), 
(iv) if /i = id on W" n 9M, then ipi{h) = id on VF n dM {t G [0, 1]), 

(2) 4{iw) = iw (tG [0,1]). 
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To compose these homotopies we use the following implications; 

(3) Y^+idZiUX, (iG [m-1]), 

(4) (i) ZdZ, (i € H), (ii) xcx^yj z^, (iii) n c y. 

We will verify these statements later and continue the construction of the required homotopy ip. By 
(3) and (l)(ii) we have the maps Lp\ : Wi -^ £'^{W, M; Yi+i) {i G [m-l]). Since ^i{iw) = iw ^ VVj+i, 
by the backward induction the neighborhoods Wj {i G [m — 1]) can be replaced by smaller ones so 
to achieve the condition ip\{Wi) C Wi+i. Since £^{W,M;Y) C £^{W,M;Yi) by (4)(iii), there exists 
a neighborhood W of iyy in £V,{W,M;Y) such that W C Wi. Then we have the composition maps 
ip{-^ ■■■ifl :W ^ Wi {i e H), where ip\^^ ■ ■ ■ if] = iw iov i = 1. Finally, since £^{W, M; Zi) C 
£jI{W, M; Z) by (4)(i), we can define the required homotopy 



cp:Wx[0,m]^£:i^iW,M;Z) by ^t = ifU+M'' ' ' ' ^i (t e [i - l,i], i e [m]). 

By (l)(i) the homotopy ip is well-defined and the required conditions (1), (2) for (p follow from the 
corresponding properties (1), (2) of the homotopies 99* (i G [m]). For (1) (ii) note that fmih) = 
if'T'i'pT'^ ■ ■ ■ (fiih)) = id on X„i U (W D Z„) and that X cWn (X„, U Z„) = X^UiWD Z„) by 

(4)(ii). 

It remains to verify the assertions (3) and (4). 

(3) Take any y G Fi+i- We have y G ^ for some (k, (O, E, D)) G J'i+i, so (O, E, D) G 5(0fc, Ei^^,Df^) 
and {a) E r\ X ^ % and k < i or (h) E r\ Z ^ (h. It follows that vrjo : O — )■ O^ is an isometry and 
E = {^\o)-\Dl) since Ef^ = Dl. 

In the case (a) with k = i; Since Ok = Ui and D\. = D\ = Ci, it follows that y £ E = (7r|o)~^(Cj) C 
7r"i(Cj). Since O D X D E D X ^ il>, it follows that O G Vj and Vi D O D E 3 y. Hence we have 
y€7r-\a)nV^ = Xi 

In the case (a) with A; < i - 1 or (b); Let E' = (vrlo)"^-^!)- Then {0,E',E) G S{Ok,El,Di) and 
(A;, (O, E', E)) G Fi since ^' n X D £) n X / in the case (a) with k<i-l&ndE'r\ZZ)Er\Z^% 
in the case (b). Hence we have y £ E C Zi. 

(4)(ii) Give any x £ X. Then 7r(a;) G F^ for some k G [m]. 

In the case where k < m — 1; Since 7r(x) £ F^ C Uk = Ok, it follows that x £ O for some O £ S{Ok) 
and 7r|o : O — > O^ is an isometry. Put i? = {tt\o)^^ (EJ^) and D = {7r\o)^'^{D'^). Then, it follows 
that X £ D since 7r(a;) G F^ C D^, and that {k, {0,E,D)) £ T^ since {0,E,D) £ S{Ok,El^,Dl^), 
X £ E D X ^ il> and k < m — 1. This implies that x £ D C Zm- 

In the case where k = m; Since 7r(a;) G -Fm C Cm C Um, it follows that x G 7r^"'^(Cm) and there 
exists V' £ S(Urn) with x G F'. Since x G F' fl X, we have V' £ Vm and x G F' C Vm- This implies 
that X G vr^-^(Cm) n Fm = Xm- 

The statements (4)(i) and (4) (iii) are verified similarly. This completes the proof. D 
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4. Groups of uniform homeomorphisms of metric spaces with bi-Lipschitz Euclidean 

ENDS 

In this section we study some global deformation properties of groups of uniform homeomorphisms 
of manifolds with bi-Lipschitz Euclidean ends. The Euclidean space M" admits the canonical Rie- 
mannian covering projection vr : M" — )■ R"/Z" onto the flat torus. Therefore we can apply the Local 
Deformation theorem Theorem 11.11 to uniform embeddings in M". 

Proposition 4.1. For any closed subset X ofW^ and any uniform neighborhoods W C W of X in 
M*^ there exists a neighborhood W of the inclusion map iyy '■ W C M" in £^(W,W^) and a homotopy 
ip:W x[0,l]^ £UW,W) such that 

(1) for each h &W (i) v'o(^) = h, (ii) (pi{h) = id on X, 

(iii) iftih) = h onW-W and Mh){W) = h{W) {t G [0, 1]), 

(2) ^t{iw) = iw (iG[0,l]). 

The relevant feature of Euclidean space M" in this context is the existence of similarity transfor- 
mations 

/c^ : M'' fa M'' : k^{x) = -fx (7 > 0). 

This enables us to deduce, from the local one, a global deformation in groups of uniform homeomor- 
phisms on M" and more generally, manifolds with bi-Lipschitz Euclidean ends. 

4.1. Euclidean ends case. 

Recall our conventions: For r € M we set M" = M" — 0{r), where 0{r) = {x € M" | ||a;|| < r}. For 
s > r > and e > 0, let iS"(ts,e;M^,M") denote the open e-neighborhood of the inclusion map Ls^r '■ 
M^ C M;? C M" in the space £'"(M^, R'^)u. We can apply Proposition O to {X, W, W) = (M^, M^, M^) 
and replace W by a smaller one to obtain the following conclusion. 

Lemma 4.1. For any 0<r<s<u<v and e > there exist 6 > and a homotopy 

if ■ £:"(.,,,, (^;M:,Mn X [0, 1] -^ f"(.,,„e;M:,M;?) 
such that (1) for each h E f"(ts,r, <5;K^,M:;?) 

{{)ipQ{h) = h, (ii) c^i(/i) =id onM;;, iin) iftih) = h on W^-Wl (t E [0, 1]), 
(2) 'ftiis^r) = is,r (te [0,1]). 

Now we apply a similarity transformation k^ for a sufficiently large 7 > to Lemma |4. II 

Lemma 4.2. For any c,sq>0 and /3 > a > 1 there exist s > sq and a homotopy 

tp: £"" (is, c;MJ^,W) x [0,1] ^ ^"(i,, s;M^,R") 
such that (1) for each h E f"(t^,c;M'^,M") 

(i) Mh) = h, (h) Mh) = id on W^^, (iii) ^h) = h on W^ - M^, (t E [0, 1]), 
(2) M^s)=ts (tG[0,l]) 
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(3) ?/;(f"(t,,c;R^,M;?) X [0,1]) C ^"(i,, s;R^,]R;?) for any r < s. 

Proof. We apply Lemma ITT] to < 1 < 2q < 2/3 and e = 1. This yields 5 G (0, c/sq) and a homotopy 

ip:£''{iu6;mi,W) x [0,1] ^ ^"(^i, 1;M^,M"). 
as in Lemma |4.1[ Let s := c/5. Then s > sq and we have the homeomorphism 

Since ?/(ti) = Lg and d{r]{f),rj{g)) = sd{f,g), for each c > we have the restriction 

Then the homotopy ip is defined by 

V't = risftVc^. 

The conditions (1), (2) on ^ follow from the corresponding properties of 99. By (l)(iii) Im^i(/i) =Im/i 
for each /i G £""(6^, c;R^,M"), which implies (3). D 

4.2. Bi-Lipschitz Euclidean ends case. 

Suppose {X, d) is a metric space and L is a bi-Lipschitz n-dimensional Euclidean end of X. This 
means that L is a closed subset of X which admits a bi-Lipschitz homeomorphism : (M^,9M^) = 
((L, Frx-^), ^11) and d{X — L,0(MJ?)) — > 00 as r — > 00. Let k > 1 be the bi-Lipschitz constant of 9 
and for a > 1 let La = e{W^) and Oa = 6'|rj : W^ w La- 
Lemma 4.3. For any A > and sq > 1 there exist s > sq, fj, > and a homotopy ip : T-L^{X; A) x 
[0, 1] -^ n^^iX; fi) such that for each h G ?^"(X; A) 

(i) ^po{h) = h, (ii) v?i(/i) = id on Lss, (m) Lpt{h) = h on X - L2s (tG[0, 1]), 
(iv) if h = id on Lg, then (ftih) = h [t ^ [0, 1]). 

Proof. Take any A > 0. Since d{X — L, L^) — > 00 (r — t- 00), there exists 

(1) r > sq such that h{Lr) C Li for any h G W{X; A). 
Let c = Ak > 0. Applying Lemma 14.21 to c, r and a = 2, /3 = 3, we obtain s > r and a homotopy 

V':f"(t„c;M^,M'5') x [0,1] ^ f"(6„ s;M^,M^) 
such that (2) for each / G ^"(i^, c;M^,M^) 

(i)V'o(/) = /, (ii)Vi(/) = idonM^,, (iii) Vt(/) = /^ on M^ - E^, (iG[0,l]), 
(3) Vt(^.)=^s (tG[0,l]). 
Consider the homeomorphism 

e, : ^"(L.,Li) ^ £^{M.^,R^) : e,(/) = O^'fOs. 

Since 9 is K-bi-Lipschitz, it is seen that 0^ is also K-bi-Lipschitz with respect to the sup-metrics. 
Since Qs{i's) = ''s, the maps 0s and 0^^ restrict to 

Bs ■.£''{l^,X;Ls,Li) ^ £'^{ls,c;W^,W^) and 0^^ : f"(/,s,c;M^,M^) ^ £""{1^ ,kc;Ls,Li). 
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Hence we obtain the homotopy 

X : r{,t A; L„ Li) x [0, 1] -^ £^{i^,, kc; L„ Li) : xt = (O,)" VtQs- 
From (2), (3) it follows that 

(4) for each h G ^"(if , A; L^, Li) 

(i)Xo(/) = /, (ii)xi(/)=idonL3„ (iii) Xt(/) = / on L, - L2. (tG[0,l]), 

(5) Xt('^f)=i^ (iG[0,l]). 

Since s > r, by (1) we have the restriction map 

Let fj, = Kc. Due to (4)(iii), the required homotopy is defined by 

{YtRs(h) on Lg 
h on A - L2s- □ 

Lemma 4.4. For any A > and r > ro > 1 there exist A' > and a homotopy x ■ 'H^{X; A) x [0, 1] — > 
W{X; A') such that for each h G ^{X; A) 

(i) Xo(^) = h, (ii) xi{h) = id on Lr, (iii) Xt(^) = h on h-^{X - L,,J - L^^ (t G [0, 1]), 
(iv) if h = id on L^^, then Xt{h) = h (t £ [0, 1]). 

Proof. Let s,fi > and (p be as in Lemma 14.31 with respect to A and sq = r. Using the product 
structure of L, we can find an isotopy ^ : X x [Q,\\ ^f X such that 

(a)eo = idx, (b)6(^r) = i>3s, (c) 6 = id on (X - L,J U L4S (t G [0, 1]). 
By (c) the map [0,1] 3 t 1 — > S,t G T-L^{X) is continuous and i^ = max{d(^t,idx) | t G [0,1]} < 00. 
Thus, we obtain the homotopy 

X : n^{X; A) x [0, 1] -^ Ti^iX) : xtW = C Vt(/i)6. 

Since d{Cr^,idx) = d{Ct, idx) < z^, it follows that d{xt{h), idx) < \' = n + 2iy {h e W{X]X)) and 
that Imx C T-L'^{X; A'). The required conditions on x follow from the properties of 93 and ^. D 

Lemma 4.5. For any r G (1,2) there exists a homotopy tp : %'^{X)[, x [0, 1] — > ?^"(X)(, such that 
for each h G ?^"(X)fo 

(i) ipQ{h) = h, (ii) Vi(M = id on L2, (iii) Vt(/i) = /i on /i"i(X - Lr) - U {t e [0, 1]), 
(iv) if h = id on Lr, then ipt{h) = h {t ^ [0, 1]), 
(v) for any X> there exists fj. > such that ^t{'H'^{X; A)) C W{X; ji) {t G [0, 1]). 

Proof For A > let ?^"(X; > A) = {/i G W{X\ \ d{h,idx) > A}. Take any sequence r = ri < r2 < 
• • • < 2. By repeated applications of Lemma 14.41 we can find Aj > (i G N) and homotopies 

x' : ^"(X; A, + 1) X [0, 1] -^ W{X- A,+i) (i G N) 

such that for each i G N 

(1) Ai+i > Ai + 1, 
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(2) for each h € W^X; A^ + 1) 

(i) {x%{h) = h, (ii) {x')i{h) = id on Lr,^„ 
(iii) {x%{h) = hon h-HX - LrJ - Lr, {t G [0, 1]), 
(iv) if /i = id on L^^, then {x%{h) = h {t e [0, 1]). 
For each i G N take a map 

(3) ai : rL''{X;\i + 1) ^ [0,1] such that ai{h) = 1 if d(/i,idx) < h and ai{h) = if 
d{h,\dx) = Aj + 1. 

We modify x* to obtain the homotopy 

i aju<^. rnii av«.v^ r M .M / (x%W*W (^^ € ^"(^; A. + 1)), 

ry' : TTiXV x 0, 1 — > TTiXV, (v)t{h) = { 

\ /i (/iG?^"(X;>A, + l)). 

Then, r/* has the following properties: 

(4) for each h G ?^«(X)fe (i) (v'Uh) = h, (ii) (r/*)i(/i) = /i on /i-i(X - L^J - L,^ (t G [0, 1]). 

(5) (i) {r,%{h) = h{te[Q,l\)ioTSJvyhe'Hl^{X%\JW{X->\i + l). 
(ii) (r/OtCH"(X; A, + 1)) C ?^"(X; A,+i) (t G [0, 1]). 

(6) {ii%{n^{x-x,)) cni^ iX),. 

' i + 1 

From (5) it follows that 

(7) (i) {7^^)t{n^{x- \i)) c n^{x; Xi) {j<i-i,te [0, i]), 

(ii) (r^^Uh) = /i (/i G ni^ (X),) (j > , + 1, t G [0, 1]). 
Hence we have 



(8) (i) (r?Oi(r?-i)i . . . (r/i)i(?^«(X; A,)) C iv%in^iX;X,)) C ^L. , , (^)f ' 



(ii) (r/-')i(7?^'-i)i • • • (7?0i . . . {v')i{h) = mi . . . iv'Uh) {h G n^{X; A,), j > i + 1, t G [0, 1]). 
Replacing [0, 1] by [0, oo], the homotopy ip : W{X)b x [0, oo] — > W{X)b is defined by 

f {ri')t-j+i{ri^-^)i ■ ■ ■ iv')iih) {t G [j - l,j],j G N) 
^*^^)= ] limW)^---{v'Uh) (i = oo). 

By (8)(ii) we have 

(9) Mh) = {V% ■ ■ ■ ir]^)i{h) {h G Ti^iX; A,), t G [i, oo]). 
This means that V is well-defined and continuous. The required conditions on tp follow from (4) ~ 
(8). For (v) note that Vt(^"(^;Ai)) C •H"(X;Ai+i) (i G N,t G [0,1]). D 

Proposition 4.2. For any 1 < s < r < 2 there exists a strong deformation retraction (p of T-L'^{X)i, 
onto Ti'l iX)b such that 

cp^(h)=h on h-^'iX -Ls)-Ls for any (/i, t) G ?^"(X)6 x [0, 1]. 

Proof Let ip : 'H'^{X)b x [0,1] — > 7i'"'{X)f, be the homotopy given by Lemma 14.51 Then ip is a 
deformation of 7i'^{X)i, into T-L'^^{X)i, which fixes Wl^{X)iy pointwise and satisfies 

(1) V't(/i) = h on h-^X - Lr) - Lr {heW{X%,t(^ [0,1]). 
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Let Y = X—IntL^, S = L^—lntL^ and A^ = IntL— IntLs. Then N is an open collar neighborhood 
of S" in y and for any s € (0, r) it admits a parametrization 

(2) ^ : {S X [0,4), 5 x {0}) ^ {N,S) such that Ni = L2 - IntLg, N2 = U - IntLg, 
iV3 = L, -IntLg. 

Here, A^, = 6(3 x [0,s]) (s G [0,4)). Under the canonical identification {'Hl^{X)b,'Hl^{X)b) ss 
{'H'^i{Y)b,'H'^^{Y)h), Lemma EiS yields a strong deformation retraction xt {t € [0,1]) of Wl^{X)i, 
onto Wl {X)b such that 

(3) Xt{h) = h on /i-i(X - L,) - L, for any (/i, t) G ^^"^(X)^ x [0, 1]. 
Finally, the homotopy 

f V'2i (tG [0,1/2]), 

c^:?^"(X),x[0,l]^?^'^(X),: c^,= J 

i X2t-iV'i (te [1/2,1]) 

is a strong deformation retraction of T-L^{X)b onto TVl (^)b satisfying the required condition. D 

Proof of Theorem 11.21 For each i S [m]j^ we can replace the bi-Lipschitz homeomorphism 9i for 
Li by another (9- such that L[ = 0[{mJl'^^) and L^' = 9[{^l''j^). Then, by Proposition O there exists a 
strong deformation retraction (/?* of 'H^{X)i, onto l-L'^ii{X)b such that 

((/jOtW = ^ on /i-i(X-L9-L^ for any (/i, t) G ^^"(X)^ x [0, 1]. 
Define the homotopy tp hy tpt = (v?™)* • • • {'f'^)t {t e [0, 1]). □ 
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